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Abstract
Transverse magnetoresistance in a ferromagnetic/nonmagnetic/ferromagnetic trilayer originated
from charge-spin conversion by anomalous Hall effect is investigated theoretically. Solving the
spin diffusion equation in bulk and using the spin-dependent Landauer formula at the ferromag-
netic/nonmagnetic interface, an analytical formula of the transverse resistivity is obtained. The
charge-spin conversion by the anomalous Hall effect contributes to the magnetoresistance in a man-
ner proportional to the square of the spin anomalous Hall angle. The angular dependence of the
magnetoresistance is basically identical to that of planar Hall effect, but has an additional term
which depends on the relative angle of the magnetizations in two ferromagnets.
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I. INTRODUCTION
Spin Hall effect originated from spin-orbit interaction in nonmagnetic heavy metal has
attracted much attention from both fundamental and applied physics [1–3]. The spin Hall
effect generates electric (charge) currents from spin currents and vice versa [4–8], which is
called charge-spin conversion. The charge-spin conversion in a nonmagnet has been studied
experimentally in ferromagnetic/nonmagnetic multilayers by several methods, such as non-
local spin current diffusion [9, 10], the combination of the inverse spin Hall effect and spin
pumping [11, 12], spin-torque ferromagnetic resonance [13, 14], first and second harmonic
Hall voltage [15, 16], and spin Hall magnetoresistance [17–19].
The spin-orbit interaction in a ferromagnet gives anomalous Hall effect [20, 21], where
an electric voltage is generated in the direction perpendicular to both the magnetization
and an external electric field. Note that the current generated by the anomalous Hall effect
is spin-polarized. Recently, a theory of spin current generation and spin-torque excitation
by the anomalous Hall effect was proposed [22]. Magnetoresistance effects originated from
the charge-spin conversion by the anomalous Hall effect were also predicted in a single
ferromagnet [23] and ferromagnetic/nonmagnetic bilayer [24]. Very recently, on the other
hand, the observations of the charge-spin conversion by the anomalous Hall effect, or related
phenomena, have been reported in a multilayer including two ferromagnets [25–30].
In this paper, we investigate the magnetoresistance effect in a ferromag-
netic/nonmagnetic/ferromagnetic trilayer originated from the charge-spin conversion by the
anomalous Hall effect. By solving the diffusion equation of spin accumulation and the spin-
dependent Landauer formula, an analytical formula of the transverse resistivity is derived.
In addition to the magnetoresistance found in previous works, where the angular depen-
dence is the same with the planar Hall effect, a contribution to the magnetoresistance which
depends on the relative angle of the magnetizations in two ferromagnets is revealed.
The paper is organized as follow. In Sec. II, we describe the system stud-
ied in this paper. In Sec. III, the transverse magnetoresistance in the ferromag-
netic/nonmagnetic/ferromagnetic trilayer is calculated. The conclusion is summarized in
Sec. IV.
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II. SYSTEM DESCRIPTION
The system we consider is a ferromagnetic(F1)/nonmagnetic(N)/ferromagnetic(F2) tri-
layer structure shown in Fig. 1(a). We denote the unit vector pointing in the magnetization
direction in the Fk (k = 1, 2) layer as mk and the thickness of the layer as dk. An external
electric field is applied along x direction. We assume that the F2 layer shows the anoma-
lous Hall effect, and injects spin currents into the F1 layer placed along z direction. The
anomalous Hall effect also provides electric currents flowing in y direction given by [24]
Jcy = σAH
[
m2z −
(
σAH
σF
)
m2xm2y
]
Ex
+
(β − ζ)σAH
e
m2x∂zδµF2 .
(1)
Here, σF and σAH are the longitudinal and transverse (anomalous Hall) conductivities, re-
spectively. The spin polarization of these conductivities in respective are β and ζ [22].
The spin accumulation defined from an electrochemical potential µ¯s of the spin-s (s =↑, ↓)
electrons is denoted as δµ = (µ¯↑ − µ¯↓)/2.
The first and second terms on the right hand side of Eq. (1) are the electric currents
generated from the anomalous Hall effect. On the other hand, the last term represents a
contribution from the charge-spin conversion by the anomalous Hall effect [23, 24]. A factor
ϑ ≡ (β − ζ)σAH
σF
, (2)
characterizes the efficiency of the charge-spin conversion by the anomalous Hall effect. There-
fore, let us define Eq. (2) as the spin anomalous Hall angle. The physical meaning of the
spin anomalous Hall angle is as follows. A factor σAH/σF is the anomalous Hall angle [21],
characterizing the ratio of the transverse voltage to the external voltage. The spin polar-
ization of the transverse current is given by the product of the anomalous Hall angle and
the spin polarization, ζ , i.e., ζ(σAH/σF). Note that the electrons scattered to the transverse
direction creates the charge accumulation. The electrons then move along the direction of
an internal electric field generated by the charge accumulation. The electric current due
to this internal field is also spin polarized, where the spin polarization is given by β. The
net spin polarization decreases because of this motion of the electrons. As a result, the
total spin polarization of the spin current generated by the anomalous Hall effect is given
by |(β − ζ)σAH/σF|, which is the spin anomalous Hall angle defined in Eq. (2).
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In experiments related to spin Hall effect such as, for example the measurements of the
harmonic Hall voltage [16, 30], the spin current was measured from the planar Hall effect
in the transverse direction. The angular dependence of the planar Hall effect is described
by mxmy. As can be seen in Eq. (1) and the results shown in our previous work [24], the
higher order term of the anomalous Hall effect and the contribution from the charge-spin
conversion, corresponding to the second and third terms of Eq. (1), respectively, have the
same angular dependence as mxmy. We should emphasize here that our previous work [24]
focuses on a ferromagnetic/nonmagnetic bilayer. On the other hand, as will be shown in the
next section, the present trilayer has another contribution to the magnetoresistance whose
angular dependence is described by not only by mxmy but also by m1 ·m2.
III. MAGNETORESISTANCE IN FERROMAGNETIC/NONMAGNETIC TRI-
LAYER
The spin accumulation δµF in the F2 layer should be evaluated to calculate the magne-
toresistance from Eq. (1). The spin accumulations obey the diffusion equation [5, 31],
∂2δµF
∂z2
=
δµF
ℓ2
, (3)
where ℓ is the spin diffusion length. The spin accumulation in the F2 layer is related to the
spin current density in the F2 layer via [22]
Jsi =− ~σF
2e2
∂iδµF2 −
~σAH
2e2
ǫiαkmα∂kδµF2
− ~βσF
2e2
∂iµ¯F2 −
~ζσAH
2e2
ǫiαkmα∂kµ¯F2 ,
(4)
where µ¯ = (µ¯↑ + µ¯↓)/2, and ǫijk is the Levi-Civita asymmetric tensor. The spin current
density in the F1 layer is obtained in a similar way by neglecting terms related to σAH. The
boundary conditions of Eq. (3) are given by the spin currents at the boundaries. For the
F2 layer, the spin current is zero at the outer boundary, z = 0. On the other hand, we
denote the spin current at the F2/N interface as J
F2→N
s . For simplicity, we assume that the
penetration depth of the transverse spin current in the F2 layer is sufficiently short [32–37],
and therefore, only the component of JF2→N
s
parallel to m2 survives inside the F2 layer.
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Consequently, the solution of δµF in the F2 layer is given by
δµF2 =
4πe2ℓ
(1− β2)hσF sinh(d2/ℓ)
{
~(β − ζ)σAH
2e
m2yEx
[
cosh
(
z − d2
ℓ
)
− cosh
(z
ℓ
)]
−m2 · JF2→Ns cosh
(z
ℓ
)}
.
(5)
The spin accumulation in the F1 layer is obtained in a similar way. The spin current at the
F/N interface is given by the spin-dependent Landauer formula [38],
JF→N
s
=
1
2πS
[
(1− γ2)g
2
m · (δµF − δµN)m− grm× (δµN ×m)
]
, (6)
where g and γ are the dimensionless interface conductance and its spin polarization, respec-
tively. The conductance g is related to the interface resistance r via r = (h/e2)S/g, where S
is the cross-section area. The real part of the mixing conductance is denoted as gr, whereas
that of the imaginary part is assumed to be zero, for simplicity [39]. The spin accumulation
in the ferromagnet is δµF = δµFm, whereas δµN is the spin accumulation in the nonmagnet.
Substituting Eq. (5) into Eq. (6), the spin current at the F2/N interface is rewritten as
JF2→N
s
=− ~g
∗(β − ζ)σAH
2egF
m2y tanh
(
d2
2ℓ
)
Exm2
− 1
2πS
[g∗ (m2 · δµN)m2 + grm2 × (δµN ×m2)] ,
(7)
where gF and g
∗ are defined as
gF
S
=
h(1− β2)σF
2e2ℓ
, (8)
1
g∗
=
2
(1− γ2)g +
1
gF tanh(d2/ℓ)
. (9)
The spin current at the F1/N interface is obtained in a similar way.
We assume that the thickness of the nonmagnet is sufficiently thinner than its spin
diffusion length, as usually adopted in experiments [29]. Thus, the spin current in the
nonmagnet is conserved, i.e., JF1→N
s
+ JF2→N
s
= 0. Then, the spin accumulation in the
nonmagnet is given by [22]
δµN =− 2π~[1 + λ(m1 ·m2)
2]g∗(β − ζ)σAH
2egF(gr + g∗)[1− λ2(m1 ·m2)2] tanh
(
d2
2ℓF
)
m2yExSm2
− 2π~λ(m1 ·m2)g
∗(β − ζ)σAH
2egF(gr + g∗)[1− λ2(m1 ·m2)2] tanh
(
d2
2ℓF
)
m2yExSm2 × (m1 ×m2) .
(10)
Here, we define λ = (gr − g∗)/(gr + g∗). We note from Eq. (7) that
m2 · JF2→Ns = −
~g∗(β − ζ)σAH
2egF
tanh
(
d
2ℓ
)
Ex − g
∗
2π
m2 · δµN. (11)
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Substituting Eq. (11) together with Eq. (10) into Eq. (5), the solution of δµF2 is obtained.
From Eq. (1), we define the averaged current density in the y direction as
Jcy ≡ 1
d2
∫ d2
0
dzJcy
= σAH
[
m2z −
(
σAH
σF
)
m2xm2y
]
+
(β − ζ)σAH
ed2
m2x [δµF2(z = d2)− δµF2(z = 0)] .
(12)
We also define the transverse resistivity as ρT = −(Jcy/Ex)/σ2F [40]. Using Eqs. (5), (10),
and (11), we find that the transverse resistivity is given by
ρT = −ρF
(
σAH
σF
)
m2z + ρF
(
σAH
σF
)2
m2xm2y + [∆ρ1 +∆ρ2(m1,m2)]m2xm2y, (13)
where ρF = 1/σF is the resistivity. The first two terms in Eq. (13) are the conventional
transverse resistivities resulting from the anomalous Hall effect. On the other hand, the last
two terms originate from the charge-spin conversion by the anomalous Hall effect. The term
∆ρ1 is the resistivity found in our previous work [23, 24] given by
∆ρ1
ρF
=
ℓ
(1− β2)d2
[
(β − ζ)σAH
σF
]2 [
2− g
∗
gF
tanh
(
d2
2ℓ
)]
tanh
(
d2
2ℓ
)
. (14)
On the other hand, ∆ρ2 in Eq. (13) is a new term found in this study. This resistivity
depends on the relative angle of the magnetizations in the F1 and F2 layers through the
term m1 ·m2, and is given by
∆ρ2
ρF
= − ℓ
(1 − β2)d2
[
(β − ζ)σAH
σF
]2
g∗
gF
[1 + λ(m1 ·m2)2]g∗
(gr + g∗)[1− λ2(m1 ·m2)2] tanh
2
(
d2
2ℓ
)
m2xm2y.
(15)
The resistivities ∆ρ1 and ∆ρ2 are proportional to the square of the spin anomalous Hall
angle defined by Eq. (2). The term ∆ρ1m2xm2y in Eq. (13) has the same angular dependence
as the planar Hall effect. On the other hand, the term ∆ρ2(m1,m2)m2xm2y depends not
only on m2xm2y but also on (m1 ·m2)2. Figures 1(b) and 1(c) show examples of ∆ρ2/ρF
as a function of the rotation angle ϕ of the magnetization m2 = (cosϕ, sinϕ, 0) in the F2
layer, where the magnetization in the other (F1) layer points to the direction (b) m1 = ex
and (c) m1 = (ex+ey)/
√
2. The angular dependence of the planar Hall effect (∝ m2xm2y =
sinϕ cosϕ) is also shown by the dotted line as for guide. We referred the values of the
parameters from typical experiments and calculations; ℓ = 1.0 nm, ρF = 300 Ωnm, β = 0.90,
r = 0.25 kΩnm2, γ = 0.50, σAH/σF = 0.015, ζ = 1.50, and d1 = d2 = 2.0 nm [19, 39, 41].
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We assume that the parameters are the same between two ferromagnets, except σAH which
is zero in the F1 layer, for simplicity. It is clearly shown that the resistivity ∆ρ2m2xm2y
has a slightly different angular dependence from the planar Hall effect, and depends on the
direction of the magnetization m1 in the F1 layer. Therefore, the resistivity ∆ρ2 can be
distinguished from the planar Hall effect when a material having a large spin anomalous
Hall angle is found. We also note that the spin Nernst effect [42–44] in nonmagnets provides
physical phenomena similar to that originating from the spin Hall effect. Therefore, we
expect that the magnetoresistance calculated in this paper will be discovered not only by
the anomalous Hall effect but also by the anomalous Nernst effect, which was recently shown
to contribute to the charge-spin conversion in ferromagnets [45].
IV. CONCLUSION
In conclusion, a theoretical framework on the transverse magnetoresistance in a ferro-
magnetic/nonmagnetic/ferromagnetic trilayer originating from charge-spin conversion by
anomalous Hall effect was developed. It was shown that the angular dependence of the
magnetoresistance is basically identical that of planar Hall effect, but also has an additional
term which depends on the relative angle of the magnetizations in two ferromagnets.
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FIG. 1: (a) Schematic view of the system under consideration. An external electric field Ex is
applied along the x direction. The anomalous Hall effect (AHE) in the F2 layer injects spin current
into the F1 layer. Transverse magnetoresistance is derived from the voltage generated along the
y direction. (b), (c) Dependences of Eq. (15) on the rotation angle ϕ of the magnetization
m2 = (cosϕ, sinϕ, 0) in the F2 layer for (b) m1 = ex and (c) m1 = (ex + ey)/
√
2. The function
− sinϕ cosϕ is also shown by the dotted line.
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